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ABSTRACT
The main results we obtain are as follows: an invariant submanifold of a Hopf
manifold with semi-flat normal connection is either a complex hypersurface
or a totally-umbilical quasi-Einstein submanifold with a flat normal connec-
tion. The only totally-umbilical invariant submanifolds of zero scalar curva-
ture of a Hopf manifold are the totally-geodesic flat surfaces.

1. Introduction

Let H™ be a Hopf manifold of complex dimension m, m > 2 (cf. [10, p.
137]); it is a PKy-manifold (in the sense of [12]) with the Hermitian metric g,
given by the diffeomorphism H™ = §?"~1 X §', cf. [12, p. 264]. Let J denote
the complex structure on H™. Let M be a submanifold of H™ of real dimension
2n, n < m. We denote by E — M the normal bundle of the given immersion of
Min H™. Let V: be the normal connection (in the normal bundle F) of M, and
R* its curvature. Let g denote the first fundamental form; we say M has
semi-flat normal connection if

(1.1) RHYX, Y)¢ = pog(X, PY)nor(J¢)

for some real-valued smooth function g, on A and any tangent vector fields X,
Y on M, respectively any (normal) section £ in E. This generalizes slightly the
definition in [15, p. 107] where p,=2; actually, if M is invariant (i.e.
J (T (M)) =T, (M), for any x EM) and the ambient space is Kaehler and
n = 2, then p, = constant, cf. lemma 9.1 in [15, p. 114]. Also PX = tan(JX),
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while tan,, nor, denote the natural projections of the direct sum decompo-
sition T, (H™) =T, (M) ® E_, x EM. We obtain the following:

THEOREM 1. Let M be an invariant submanifold with a semi-flat normal
connection of the Hopf manifold H™, dim(M)=2n.Ifm —n>1thenMisa
totally-umbilical quasi-Einstein submanifold with a flat normal connection.

To clarify Theorem 1, we also state:

THEOREM 2. Any totally-umbilical submanifold of a Hopf manifold is a
quasi-Einstein manifold.

Let Ric be the Ricci form of M; then M is a quasi-Einstein submanifold (cf.
[6]) if Ric=a-g + b-w ® w, for some real-valued smooth functions a, b on
M . Here w denotes the 1-form naturally induced on M by the Lee form of H™. .
If M is invariant then (M, g) is a locally conformal Kaehler (1.c.K.) manifold
(cf. [12-14]) and

1
n—1

0= i()dQ,

where i( - )is the interior product (cf. [5]) and Q the Kaehler 2-form of M.
We also obtain:

THEOREM 3. Let M be an invariant submanifold with semi-flat normal
connection in H™.

@) If codim(M)=2, n=2, and (1.1) holds for some smooth function
po: M — (0, + ), then M is a globally conformal Kaehler manifold and its Lee
Jform is given by w = — dlog p.

(ii) If codim(M)> 2 and M is strongly non-Kaehler then M cannot be an
Einstein manifold.

Invariant submanifolds of 1.c.K. manifolds were considered in [2], [14] and

recently in [8].

We shall need the Yamabe functional of a compact submanifold M:
(1.2) I(p)= |l ¢ I+*E(p)
where

E@)= [ @ldgl+pp)s1,
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| i n 220 — 1)
totu=( [, tor1)",  N= a=222-1)

n—1" n—1

and p denotes the scalar curvature of M cf. J. M. Lee and T. H. Parker [11].
The Yamabe invariant (a conformal invariant) of M is given by:

to = inf{I(p) : p EC=(M), ¢ = 0, p =0}

where C*(M) denotes the ring of all real-valued smooth functions on M. We
obtain:

THEOREM 4. Let M be a compact totally-umbilical submanifold of real
dimension 2n of the Hopf manifold H™. If n =z} || w ||* and M has a non-
positive Yamabe invariant, i.e. uy < 0, then M is totally-geodesic. Moreover, if
additionally M is invariant then it is a generalized Hopf manifold, and it is a
globally conformal Kaehler manifold provided that the sectional curvatures of M
are subject to k(p) = 1 — H(w(X)*+ w(Y)?), for any pEG(M) and any g-
orthonormal basis {X, Y} in p.

Here Gy(M)— M denotes the Grassmann bundle of all 2-planes on M. The
rest of the paper is devoted to the study of totally-umbilical submanifolds (of
Hopf manifolds) with further restrictions on curvature. We obtain:

THEOREM 5. Let M*" be a real 2n-dimensional totally-umbilical submani-
fold of H™, 2 = n = m; if M** is conformally-flat then it has a vanishing scalar
curvature.

By a theorem of S. Goldberg and M. Okumura [7], if AM?" is conformally-flat
and has constant scalar curvature p and the length of the Ricci tensor is
=pQ2n—1)""2 n z 2, then M*" is a space-form. If in turn M?" is a totally-
umbilical submanifold of H™, then we have || Ric | = 0ifand only if M*"isa
surface, i.e. n = 1. We actually prove:

THEOREM 6. Let M*, n = 2, be a conformally-flat totally-umbilical sub-
manifold of H™. Then M*" is never a space of constant curvature.

THEOREM 7. The only invariant totally-umbilical submanifolds of zero
scalar curvature in a Hopf manifold are the totally-geodesic flat surfaces.

THEOREM 8. In a Hopf manifold there do not exist any projectively-flat
totally umbilical submanifolds with zero scalar curvature and nowhere vanish-
ing 1-form w.
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The author is grateful to the referee for pointing out to him that actually
Theorems 1 to 8 hold for the more general case of an ambient PK,-manifold, as
well as for several suggestions which improved the original form of the
manuscript.

2. Basic formulae

Let w* be the Lee form of the Hopf manifold (H™, g;). Then B* = #w* is
the Lee field, and # denotes raising of indices with respect to g,. Let V* be the
Levi-Civita connection of g;; since g, is only a l.c.K. metric, V* is not
almost-complex. Yet H™ admits a significant almost-complex connection,
namely the Weyl connection:

2.1 DFY = VY — Ho*(X)Y + o*(Y)X — gy(X, Y)B*)

for any X, Y € Z(H™). In general, if M is a manifold then .#(M) denotes the
module of all tangent vector fields on M over the ring C*(M). Also, if F — M is
a vector bundle over M then I'(F) denotes the C*°(M)-module of all smooth
cross-setions in F, and F, denotes the fibre over xEM in F.

We recall that the Weyl connection of H™ is flat while the curvature R* of V*
is furnished by

R¥X, V)Z = {{[o*(X)Y — o*(Y)X]w*(Z)

(2.2) + [8(X, Z)*(Y) — 8(Y, Z)w*(X)]B*}
+ &Y, 2)X — gl X, Z)Y

forany X, Y, ZE€Z(H™). See [4]. If M is a submanifold of H™ we denote by 4,
V, a, the second fundamental form, the induced connection and the Weingar-
ten operator (corresponding to the normal section £ EI'(E)). These satisfy the
Gauss and Weingarten equations:
(2.3) V¥V =V,Y+h(X,Y), V¥ =—aX+ Vi
for X, YEXM), (EI(E). Next we define DyY =tan(DgY), ANX =

—tan(D#), H(X, Y)=nor(D}Y), D3¢ =nor(D¥), for all X, YEX (M),
EET(E). Then (2.1), (2.3) straightforwardly lead to
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DyY = VY — wX)Y + w(Y)X — g(X, Y)B),
H(X,Y)=h(X,Y)+ ig(X, Y)nor(B*),
AX = aX + lw*(é)X,
D¢ = Vi — to(X)E.
Here B = tan(B*). We establish the following:

(2.49)

LEMMA 1. Let M be an invariant submanifold of H™. The following
formulae hold:

2.5) @ JX + JaX = — o*(E)JX,
(2.6) agX = Ja:X + H*EJX — w*(JE)X),
2.7 VIl =JViE,

forany XEZ (M), EET(E).

PrROOF. Since M is invariant, by D*J =0 one has A4;JX + J4.X =0,
ApX = JAX. These and (2.4) yield (2.5) and (2.6). Similarly (2.7) follows from
D3JE = JD$E. Q.E.D.

LEMMA 2. The Gauss-Codazzi-Ricci equations of a submanifold M in H™
are given by:

R(X, )Z = (X AY)Z + }{[w(X)Y — o(Y)X]0(Z)
2.8) + (X, Z)o(Y) — g(Y, Z)w(X))B}

+ apy, X — apx, Y,

2.9 (VihXY, Z) = (Vh)X, Z) = 48X, Z)w(Y) — g(Y, Z)w(X))nor(B*),
(2.10) &(RHYX, Y)E, 1) — g(lag, a,1X, Y) =0,

forall X, Y, ZEX (M), &, n€T(E).
The proof of Lemma 2 follows from (2.2) and (2.3) in a straightforward
manner; for instance, by (2.2) we have

R*X, Y) = H{o(X)Y — a(Y)X)w*(&),
such that nor(R*(X, Y)¢) =0.
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3. Proof of Theorem 1

Let us combine (1.1) with (2.10) and put n = J¢ in the resulting equation;
this gives

3.1 PUX, V) || € |* — g(lag, a,1X, Y) =0

for any X, YEZ (M), £ ET(E). At this point, by Lemma 1, we establish
(3.2) [as, ag)X = — 2J(a}X + w*(&)aX + jo*(€)*X).

Now the substitution of (3.2) into (3.1) leads to

(3.3) a} + w*(&ag + oo | £ + 4™ =0.

Letusputm =n + p,p = 1,1.e. n <m, by hypothesis. Then either p = 1, i.e.
M is a complex hypersurface of H™, or p>2. For the last case let
(Vis..., V5, JVi, ..., JV,} be an orthonormal frame (locally defined) on E.
Note that (3.3) is equivalent to

(3.4 Ai=—1dpo | EIIT.

Now, on the one hand 4,4y, + 4,4, =0, i #j; on the other (by the Ricci
equations (2.10) for & =V, n = ¥;) we have aya,, — aya,, =0 which yields
Ay Ay, — Ay Ay, =0, such that 4,4, =0, i #; finally, by (3.4) we obtain
A;=0o0r

(3.5) a; = — 0¥,
that is, M is totally-umbilical, and p, =0, i.e. R* = 0.Now substitution from
(3.5) into the Gauss equation (2.8) and further contraction of indices lead to

(3.6)  Ric(X,Y)= [2<2n ~ 1) —g e 2] g(X, Y) —”—;1 w(X)a(Y),

i.e., M is quasi-Einstein. Our Theorem 1 might be contrasted with a result in
L. Ishihara [9].
4. Proof of Theorem 3

We define a covariant derivative of R! in the usual manner, cf. [15, p. 115].
Then

4.1) L (VxRNY,Z2)=0

cycl.
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for any X, Y, Z € Z(M). Here Z,, denotes the cyclic sum over X, Y, Z. On
the other hand

4.2) (ViRY, Z)E = X(po)UY, Z)JE + po(V QY , Z)E.

Of course, the induced connection of the invariant submanifold M is not
almost-complex; in turn, we have

(4.3) JVLY =V, JY + 3@(Y)IX — 8(Y)X + X, Y)B + g(X, Y)4)

where 6 denotes the 1-form induced on M by the anti-Lee form 6* = w*<J,
and A4 =tan(4*), A* = — JB*. Consequently, the Kaehler 2-form is not
parallel any longer. Yet (4.3) yields

4.4) (VxQ)(Y, Z)
. =4[6(Z2)g(X, Y) — 6(Y)g(X, Z) + w(Z)AX, Y) — o(Y)UX, Z)].
Finally, part (i) of Theorem 3 follows from the more general:

PROPOSITION. Any invariant submanifold, of a l.c K. manifold, with semi-
flat normal connection for some py: M — (0, + ), is globally conformal
Kaehler provided M has complex dimension n = 2.

Indeed, combining (4.2), (4.4) and (4.1) we obtain
(4.5) 2 X(po)UY, Z) = — 3pf(w AQXX, Y, Z).

cycl.

Let us put Z = JY in (4.5); since n = 2 one may choose X orthogonalto Y, JY.
Thus dpy + pyw = 0. Q.E.D.

To prove the second part of Theorem 3 we suppose M is Einstein, i.e.
Ric = Ag, for some A €IR. By (3.6) we obtain

(4.6) [2(271 —1 —g lo?— /1] - ”—;—1 w(X)B

for any X € ' (M). Let us put X = Bin (4.6) and take the inner product with B.
Since M is strongly non-Kaehler (i.e. w, # 0, at any x € M), we obtain

2n —1

2(2n —1)— T ll =4;

substitution in (4.6) now gives w(X)B = || @ ||2X, which for X = JB furnishes
| w |} =0, acontradiction.
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5. Submanifolds with non-positive Yamabe invariant

Let M*" be a submanifold of H™. By (2.8) we may compute the Ricci
curvature of M*":

n—1 . :
(5.1) Ry=Q2n—-1- el 2)gjk - —2— QW + (An,000:)" — (An,009;)’

where 9; = 3/0x’. Consequently, the scalar curvature p of M?" is expressed by
codim(M?7)
52)  p=@n-1D2n-}lo D+ 3% [(Trace(a,)’— Trace(a})).
b=1
If M?" is totally-umbilical then (5.1) leads to our Theorem 2, i.e. we obtain

(63 Rie=Dn—1-4]o "+ =Dkl -1~ 000

where u denotes the mean curvature vector of M?*; also (5.2) reduces to
(5.4) p=02n—-12n -}l +2n2n-1)|p |

Furthermore, we prove our Theorem 4. If 4, < 0 then there exists ¢ € C*(M?"),
¢ =0, p =0, such that I(p) = 0. Using (1.2), (5.4) we obtain

2
— [ Ndp1ra1+ [ pen—lo|ys

+2nf P llul**1=0
MZJI

where * 1 denotes the canonical Riemann measure on the compact submani-
fold M?. Since n Z { || @ ||*> we obtain dp =0, i.e. p =const (we always
assume M?" connected). Yet ¢ =0 yields || # | = O0; thus & = 0 since M*" is
totally-umbilical. Moreover, we obtain  is parallel. Consequently, if M*" is
invariant, then it is a 1.c.K. manifold with a parallel Lee form, i.e. a g.H.m., cf.
[12], [14]. To prove the last statement of Theorem 4, let X be the curvature of
D, i.e. the connection induced on M*" by the Weyl connection of the ambient
Hopf manifold. We recall [4]:
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gKX,Y)Z,U)=R(U,Z,X,Y)—3L(X, Z)g(Y, U)+ 1L(X, U)g(Y, Z)
+1L(Y, Z)¢(X, U) — $L(Y, U)e(X, Z)
+ w*(h(X, Z))g(Y, U) — w*(h(Y, Z))8(X, U)
+ o*(h(Y, U)X, Z) — w*(h(X, U))e(Y, Z)
— ([l @*|I” + | nor(B*) ||%)
X (8(Y, Z)g(X, U) — g(X, Z)g(Y, U))

forany X, Y, Z, UE€ Z(M*). Here R denotes the Riemann—-Christoffel tensor
of M, Also L(X, Y) = (V@)Y + io(X)w(Y) and || w* | =2, cf. [12]. Let
(x’) be real-analytic local coordinates on H™; we recall that g, is locally
conformal to the (local) Kaehler metrics g = J;dx'dx’, i.e. gy = | x|~ *g¢, where
| x| = (d;xx')"2. Let fbe the restriction to M*" of 2 log | x |. Let also k’ be the
sectional curvature of the metrics induced by the local Kaehler metrics g on
M?. By (5.5) we obtain

(5.6) exp( — f)k'(p) =k(p) — 1 + Hw(X)* + w(Y)?)

for any p € Gy(M*") and any g-orthonormal basis {X, Y} in p. The condition
in Theorem 4 yields k’ = 0; as y; < 0 we may apply a result of I. Vaisman, i.e.
Theorem 3 in [13, p. 281], to conclude that M?" is a g.c.K. manifold.

(5.5)

6. Conformally flat submanifolds of a Hopf manifold

Let M?" be a totally-umbilical submanifold of H™, n > 2. We consider the
Weyl conformal curvature tensor of M*":

W(X,Y)=R(X,Y)— (QXAY +XAQY)

2(n—1)
6.1)
p

+ XAY
4n—1)2n —-1)

for all X, YEZ(M>"). Here Q = # Ric, or, by (5.3),
-1
62) QX=[Qn—1){1+ u])~}lo|1X - 51—2— w(X)B.

Taking into account (5.4), (6.2) the expression of the conformal tensor (6.1)
becomes
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[Ilwllz_
n—1)1 4

+ {[@(Y)X A B — wo(X)Y A B].

W(X,Y)=R(X, Y)+
(6.3)

Gn =20+ 13| XY

Finally, one may use the Gauss equation (2.8) and

Ay, )X — Qux, .)Y = " y7i II 2X A Y,

consequently (6.3) reduces to

1 2
6o wan-gr oo i) xay

for any X, YEX(M*). Now W =0 iff
(6.5) o l>=4n(1+ x|,

i.e. iff p = 0, cf. our (5.4). This proves Theorem 5. As remarked is §1, Theorem
2 in [7, p. 234] might not be applied to our case since (5.3) yields

_lIRic]

(6.6)
1+ [ul?

=(n—1)[2n2n — D)2
To prove Theorem 6, by (2.8) we obtain the expression of the Riemann-
Christoffel tensor of the (totally-umbilical) submanifold M?", i.e.
RW,Z,X,Y)=(1+ |l uI)e(Y, Z)g(X, W) — g(X, Z)g(Y, W)
+ H{loX)g(Y, W) — w(Y)g(X, W)lw(Z)
+[8(X, Z)u(Y) — (Y, Z)w(XN)]w(W)}
which yields the sectional curvature of M*":
k(@)=1+ || |I*—iwX)* +w(Y))], forany p EGM™),

spanned by the orthonormal vectors X, Y. Suppose now that M*™ is a
space-form, i.e. k(p) =c, ¢ EIR, for all p E G(M*"). Then p =2n(2n — 1)c;
thus W=0 vyields ¢c=0 or 41+ |u|)=0X)?+a(Y)’ let Y=
| B | ~'B. Then n = 0 by (6.5), a contradiction.
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7. Totally-umbilical submanifolds of zero scalar curvature

Let M?" be an invariant submanifold of H™,p =0, h = g ® u. By a theorem
in [4] for each invariant submanifold in a l.c.K. manifold the mean curvature
vector is given by u = —}nor(B*). Also | w*||*= | @ ||*+ || nor(B*) |3,

| @*|| =2, yield (by (6.5)) | @ ||*=8n/(n+1); but 4—8n/(n+1)=0
yields n = 1 and x = 0, such that M? is a minimal surface in H™; thus 4 =0
and by a theorem in [4], M? is flat.

To establish Theorem 8, let

1
7.1 P(X, Y)=R(X, Y)——1 (XAY)eQ
n —
be the projective curvature tensor of M**, n = 2. By (6.2), (2.8), we put (7.1) in

the following form:

P(X,Y)Z =ﬁ Bl 2=+ [ 19X ANZ

(7.2) +i{lo(N)X — 0(X)Y]w(Z)
+[8(X, Z)a(Y) — (Y, Z)w(X))B}.
If p = O then by (6.5) and P = 0 we obtain
(7.3) (@(NX — o(X)Y)w(Z) = (Y, Z)w(X) — g(X, Z)w(Y))B.

We put Z=B in (7.3); |jw || #0 everywhere gives w(Y)X — w(X)Y =0
which, together with (7.3), gives

g(Y,zZ)= o(Y)w(X),

le|?

and in particular w(Y)= ||w || | Y ||. This yields | Y || X— | X||Y=0
for any X, Y, a contradiction.
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